Appendix 3 Singular-Value Decomposition

Suppose that we are given an m x n real matrix 4. Then 474 is a non-

negative matrix whose eigenvalues (i.e., the solutions of det(Al,, — AT4) ="

() are nonnegative real numbers. We let the eigenvalues be 4,,4;,...,4,
Ay =zl z--= 2, =0). Wealso let
6; = /A, i=12,...,min@m,n). (A3.1)

Obviously we have 6, = 6, Z ' Z Opingm,m = 0. We can now express the
matrix 4 as the product of three matrices:

A=UZ¥7, _ (A3.2)

where I7is an m x m orthogonal matrix, ¥ is an n x »n orthogonal matrix,
and X is an m X n matrix defined by

[ oy 0
0 ’ g, | - iftm=n
X =4 0 (A3.3)
oy G :
: 0 if m < n.
0 O |

w

The right-hand side of equation A3.2 is called the singular-value decom-
position, and o; (i = 1,2,...,min(m, n)) are called singular values. The num-
ber of nonzero singular values is

r = rank 4. : (A3.4)
Since U and ¥ are orthogonal, they satisfy
ort=u0'v=1,, ¥V¥VT=VTy=1I, (A3.5)

Let us consider the meaning of the singular-value decomposition of 4
in relation to the linear transformation p = Ax. Letting y;, = Uy and
x, = VTx, from equation A3.2 we have )

Yu = Zxy. (A3.6)

This implies that the transformation from x to y can be decomposed into
three consecutive transformations: the orthogonai transformation from x
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to xy by ¥ T, which does not change length; the one from xy- to yy, in which
the ith element of x, is multiplied by o; and becomes the ith element of y,
without changing its direction; and the orthogonal transform from y, to
» by U, which does not change length. Therefore, the singular-value de-
composition highlights a basic property of linear transformation.

A scheme to obtain the singular-value decomposition follows. First, we
calculate the singular values by equation A3.1. We note that, since the
numbers of nonzero eigenvalucs for 474 and AAT are the same, it is
computationally more efficient to find the singular values using the eigen-
values of 447 when m < n and those of A7 4 when m > n.

Next we obtain U and V. We define a diagonal matrix X, using r nonzero
singular values by

o, 0
5= - : (A3.7)
0 o,

This is the # x r principal minor of Z. We let the ith row vectors of I/ and
V be u; and v, respectively, and let

U, = [u,uy,....u]

and

V.= [v,%2,-- 5 %1

Then, from equation A3.2,
A=UZV¥VT.

Also, from equation A3.5,

Uvry, =1,
and
VIV, =1,.

Hence, we have
ATAY, = VX2, (A3.8)
U =AV.E™. o (A3.9)

Since equation A3.8 can be decomposed into
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ATAv, =vie?, i=12,...,r (A3.10)

we see that w; is the eigenvector of unit length for eigenvalue A; of 474,
Thus we can determine ¥, from the eigenvectors of 4¥ A for eigenvalues
Ai,43,...,4,. The part of F other than ¥, which consists of vectors v,
¥ 12,...,V,, 18 arbitrary as long as it satisfies equation A3.5. From the
obtained ¥ we can determine U, by equation A3.9 and the other part of U/
by equation A3.5. Instead of equations A3.8 and A3.9, we can also use

AATU, = U272 (A3.8")
and
V=AdYU X . (A3.9)

A numerical example will illustrate the above sheme. Suppose that

0 1 -1
-1 0 1
sl 1 —1 0
0 i -1
Then
2 —1 —1
AT4 = | —1 3 -2
-1 -2 3
Since

det(il; — ATA) — A(A — 3)(A — 5) = O,

the eigenvalues of 474 are A, = 5, i, = 3, and A; = 0, and the singular
values of A are a, = ﬁ, g, = \/5, and o3 = 0. The eigenvectors v; of 474
for A; (i = 1,2) are

v, =[0,1/./2, —1/./2]17T

and

v, = [2/./6, —1/./6, —1/./6]7.

Substituting ¥, = [v,, v, ] into equation A3.9, we obtain
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" =[2/\/ﬁ ~1//10 —1/,/10 2/JE]T

Hence, a singular-value decomposition of A is given by

/5 0 o0
0 ﬁO
Z=19 o of
0 0 0

2//10 0 1//2 1//10
U 1410 ~-14/2 o  2//10
-1 12 0 20 /10
2//10 0 ~1//2 14/10

~ 0 2/./6 1,3
v=| 12 -1,4/6 1,/3]
| -1V2 -1 6 13

The reader who wishes to learn more about singular-value decomposi-
tion is referred to the following:

V. C. Klema and A. J. Laub, “The Singular Value Decomposition: [ts
Computation and Some Applications,” IEEE Transactions on Automatic
Control 25, no. 2 (1980): 164-176.

G. E. Forsythe, M. A. Malcohﬁ, and C. B. Moler, Computer Methods for
Mathematical Computations (Prentice-Hall, 1977).
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